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A detailed derivation of extended Jones matrix representation for
twisted nematic liquid crystal displays

by A. LIEN

IBM Research Division, Thomas J. Watson Research Center, P.O. Box 218,
Yorktown Heights, NY 10598, U.S.A.

(Received 6 February 1996, in final form 27 August 1996; accepted 19 September 1996)

A detailed derivation of the extended Jones matrix representation for twisted nematic liquid
crystal displays at oblique incidence (which was previously published by the author) is given.
It is shown that this representation reduces to the well-known ordinary Jones matrix

representation at normal incidence.

1. Introduction

To calculate the optical transmission of twisted nem-
atic liquid crystal displays (TN-LCDs), the Jones matrix
method [1] is generally used for normal incidence and
4 X 4 matrix method [2, 3] is commonly employed for
oblique incidence. Because Jones matrix is a 2 X2
matrix, it is more easily understood and applied than
the 4 X 4 matrix method. Several authors [4-9] have
attempted to generalize the Jones matrix to the oblique
incidence case. In our previous papers [6, 7], a simple
expression of the extended Jones matrix for the
TN-LCD was given. We used this Jones extended
matrix representation to calculate the optical transmis-
sions for various LCD systems which included TN,
super-twist nematic (STN), parallel electrically control
birefringent (ECB) and homeotropic ECB. The results
were compared with those obtained by the faster 4 X 4
matrix method [3] with a spectrum average. In general,
results obtained by these two methods agreed reason-
ably well. Due to the fact that this representation is
expressed explicitly in terms of LC and cell parameters,
it is straightforward to apply our extended Jones matrix
representation to optical simulations of TN-LCDs.
However, it has been pointed out [9] that this repres-
entation is complicated and not intuitive. Thus, in this
paper, we give a detailed derivation of this representa-
tion which was not able to be done in our previous
publications [6,7] due to space limitations. We also
show that this representation reduces to the ordinary
Jones matrix at normal incidence. The derivation of
the extended Jones matrix is given in §2. Correction of
transmission losses in two air-to-polarizer interfaces is
discussed in §3. Reduction of the extended Jones matrix
to the ordinary Jones matrix at normal incidence is
discussed in §4. The conclusion is given in §5.

2. Formulation of extended Jones matrix for
TN-LCDs

Consider a plane wave incident at an oblique angle
on the surface of a TN-LCD as shown in the figure.
Without losing generality, we can always choose an
orthogonal xyz coordinate system such that k lies on
the x—z plane and the xy plane is parallel to the glass
substrate surface. Also, the direction of the +:z axis is
pointing from the entrance polarizer to the exit polarizer.
Thus we have

k = ko (sin Ok, 0, cos 6 ), (1)

where 6k is polar angle of k, ko= w/c =2xn/%, and A is
the wavelength of the incident light in free space. The
entire LCD system can be divided into N layers. The
first layer is the entrance polarizer and the last layer is
the exit polarizer. The second and the (N — 1/m layers
are glass substrates. The LC layer is approximated by a
stack of N —4 uniaxial homogeneous layers. Each of
these N layers can be characterized by a dielectric tensor:

e=| g &y &y (2)

where [10]
exx=no+ (ne — ny Jcos” O cos” ¢, (3)
Exy = €y = (e — ng Jcos” Osin $pcos g, (4)
Ex:= &2, = (e — ng Jsin 6.cos O¢os ¢, (5)
gy = ne+ (e — ng Jcos” Osin’ ¢, (6)
Ey: =&y = (e — ng )sin O cos Osin ¢, (7)
gzzzng-‘r (ng— né)sin2 0, (8)
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Figure. Schematic diagram of a TN-LCD, which is divided
into N layers. The propagation vector k lies on the xz
plane of an orthogonal xyz coordinate system, in which
the xy plane is parallel to the glass substrate surface.

Here, no and ne are, respectively, the ordinary and
extraordinary indices of refraction of the liquid crystal
medium or polarizer layer. For liquid crystal layers, 0 is
the tilt angle of the LC director (i.e. the angle between
the LC director and the x—y plane) and ¢ is the angle
between projection of the LC director on the xy plane
and the x axis. For polarizer layers, no and n. are
complex numbers, 6 is the angle between the extraordin-
ary optical axis (absorption axis) of the polarizer layer
and the xy plane, and ¢ is the angle between projection
of the extraordinary optical axis of the polarizer layer
on the xy plane and the x axis. For the usual polarizer
arrangement, 0 is zero. For glass substrates, ne=n, and
¢ reduces to a diagonal matrix.

For each layer, assuming the plane wave

Ef t)=Eoexp (i(k 'r— wt))=FEoexp (ikyx + k.z — ot )),
9)

and
H t)=Hoexp(i(k‘r— wt))=Hoexp (itkyx + k.z — wt))
(10)

is a solution of Maxwell’s equations in the non-magnetic
medium characterized by a dielectric tensor of equation

(2), we obtain

L>< L><E +eEo=0 11
ko (k0 0) e Eo=0, (11)
and
k
Ho=— X Eo. (12)
ko

Substituting k= ﬂ(x, 0, kz) and Eo= (EX(), Ey(), Ez()) into
equation (11), we obtain

— (ko) +gxx Ex()+ gxyEy()'i‘ (ko

k;
+ gxz) E=0,
ko

(13)
' ke
gy,\'Ex()J’_ — | — | + Eyy Ey() + Ey;Ez()Z 0,
ko ko
(14)
M ke o N Bt oo Bt Ky 2+ E.p=0
(k() ko gzx) x0T EzyLiyo (k()) &zz z0— V.
(15)

Here k,=kosin 6c. Equations (13) to (15) have a non-
trivial solution when

2

k. n kyk: n
(k()) Exx Exy ko ko Exz
Eyx — (ko) — (ko) + &y &z =0.
ky ks ke
ko ko Ezx &zy - (k()) &2z

(16)

For the dielectric tensor specified by equations (3) to
(8), the solutions [ 11] of equation (16) are

/2
kz] 2 kvc : :
= no— [ = 17
) & ky  none
ko e ko 2.
— 2 2 k 2 1/2

ne — o ) x
X ( &z — (1 — 7, COs fsin ¢) (_)
Ne k()
(18)
ks — , k. 2 1/2
= - e 19
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kg Exzke  nmome
ko N Ezz ko €2z
2 2 2 1/2
ne — n k
X ([5:2_ (1——e 2 0coszesin2¢>) (—V) ])
Ne k()

(20)

This implies there are four eigen-waves propagating in
the medium. Two eigen-waves corresponding to k.; and
k-» propagate in the +z direction and are the transmitted
waves; while the other two corresponding to k.; and k.4
propagate in the —:z direction and are the reflected
waves. For each k.;, there is a corresponding electric
field (Ev Ei E=i )= (Exio. Eyio. E-ioJexp (ifkxx +k.iz — ot))
where (Eyip, Eyip, E-ip)must satisfy equations (13) to (15).
Due to the condition given in equation (16), only two
out of these three equations (equations (13) to (15)) are
linearly independent. Therefore, we can express two
components of the electric field in terms of the third
component. Because reflected waves inside a TN-LCD
are usually small, in the following treatment we assume
they can be neglected. In other words, we assume only
two transmitted eigen-waves 1 and 2 are propagating in
the medium. For eigen-wave 1, we express E,; in terms
of Ey;. By using equations (14) and (15), we obtain

Ey
Ey1=ey1 =€y1Mx1, (21)
€x]
where
ey = (ko) + (ko) — &y (ko) — &z | &z,
(22)
e = (ko) S P (k0 . +gzx) 6 (23)
and
E, E
My === expitkxx+kaz—wt) (24)

€x] €x]

Similarly, for eigen-wave 2, we express E,, in terms of
E,;. By using equations (13) and (15), we obtain

Ey
Ex2=ex2_L:ex2My2J (25)
eyz
where
2
Ky ky k2
ex2=|: — (k_o) + gzzjlexy— (ko o + gxz) &y,
(26)

LT ]

kx kzg kx kzZ
+ (- + &zx o + Exz b (27)
ko ko ko ko

E E
My =" =" exp (ifkyx +kaz—ot).  (28)
eyz eyz
Using equations (21), (24), (25) and (28), the E-vector
(formed by tangential components of the total electric
field, E) at any point can be expressed in terms of mode

and

vector
My
]
as
T -
E, Ey; Ey M,
where

e‘( eX
s=| ™ | (30)
eyl €y2

Using equations (24) and (28), the mode vector propag-
ates from the bottom of n'" layer to the top of the n'

layer by
Mx] Mx]
=G, , (31)
My, ha My ho
exp (ik.;d 0
G,—=| P , (32)
0 exp (tk-2d)

and d, is the thickness of the n'" layer.

Using equations (29) and (31), the E-vector at the
bottom of the n" layer is related to the E-vector at the
top of the n' layer by

E, Ey
—J, , (33)

J,=8,G,S, . (34)

where

where

Using the boundary condition that tangential com-
ponents of the E-field are continuous at each layer

interface, i.e.
E, E,
= , (35)
Ey, h+10 Ey, hd
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we obtain

=5l | (36)

E, [ EY]
= (37)
E, Ey, ho
and
E, [ EY]
= (38)
Ey, h+1 |Ey htio
are used.

Equation (34)is the extended Jones matrix representa-
tion at an oblique incidence for the n' layer. Equations
(34) and (36) can be understood as follows. S, ' trans-
forms the E-vector at the bottom of the n'™ layer into
the mode vector. G, then propagates the mode vector
from the bottom of the n" layer to the top of the
n'" layer. Finally, S, transforms the mode vector at the
top of the n' layer back into the E-vector at the top
of the n" layer, which is equal to the E-vector at the
bottom of the (n-l-])th layer (from the boundary con-
dition). Note that due to the special form of G,, J, can
equivalently be rewritten as

1 I &l!
J,= G, (39)
c1 1 c1 1

where ¢; =e¢);le,; and ca=ey,le);.

Applying equation (36) to every layer, the matrix
equation that related the transmitted E-vector and the
incident E-vector is given by

E, E,

=J| | (40)
E, +1 E, b

where
J=JNJN—1,---,J2J1 (41)

is the extended Jones matrix representation for the entire
LCD system at oblique incidence. The total optical
transmission fop is given as

— |EX,N+]|2+COSZ(Qp)lEy,N+1|2 (42)
= 2 2 2
o |Exo|”+ cos™ (6p )| Eyol

where
0p=sin ’(sin (6x JRe (np)) (43)

in which Re (n,)stands for the average of the real parts
of the two indices of refraction (ne and no) of the
polarizer.

3. Correction of transmission losses in the air-LCD
interfaces

The transmission losses in the entrance and exit
surfaces of an LCD cell are usually significant, but are
neglected in the above extended Jones matrix formula-
tion. Two methods can be used to take care of these
transmission losses. The first method is to take into
account these transmission losses using the optical modi-
fication procedure, which was published in our previous
paper [6]. The second method is to modify the extended
Jones matrix of equation (41) to take care of transmis-
sion losses in two air-to-polarizer interfaces. In the
second method, J in equation (41) is replaced by

J = JexdJenc=JIyJIn-4, ..., o1 Jent, (44)
where [12]
B 2cos 6 0 -
cos 0p+ npcos Ok
Jent = (45)
0 2 cos Oy
cos O+ npcos Op
and L -
B 2npcos O 0 =
cos 0p+ npcos O
JExt = (46)
0 2npcos Op
cos O + np cos G,
The total Lkansmission is calculated by equatiah (42)

with 0, being replaced by 0.

4. The Jones matrix representation at normal
incidence
For normal incidence, we have

cos ¢
cl=—"" s (47)
sin ¢
cos ¢
2= (48)
sin ¢
and
0 —I]
G=
1 0
2n -
exp (l 7 neeffd) 0
X
2n
0 exp(l?nod)
o T (49)
X ,
-1 0
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where

Nole

(ng + (ne2 — né)sin2 0)

X (50)

Neeff =

By using equations (47) to (49), equation (39) reduces
to

Jn:exp(ii(neeff-l‘no),,dn) cos(dn) —sin (4]

sin (¢n) COS(¢n)
T d 0 i
exp (l N (Reeft — Mo n)
X
0 xpf —i™ (eelt — Mo hd,
e p k eel o n
cos(¢,) sin(¢,) (51)

—sin (¢,) cos(¢n)

at normal incidence.

Equation (51) is the ordinary Jones matrix representa-
tion obtained by Chandrasekhar at normal incidence
[13], except a complex phase factor which is omitted in
Chandrasekhar’s expression. This phase factor can be
neglected for a non-absorptive medium. But it is import-
ant when the ordinary Jones matrix is used to represent
a polarizer whose indices of refraction are characterized
by complex numbers, since without it the ordinary Jones
matrix will not give a correct exponential decay for both
ordinary and extraordinary waves propagating inside
the polarizer.

5. Conclusions

We have given a detailed derivation of the extended
Jones matrix representation for TN-LCDs. The deriva-
tion was based on the assumptions that reflected waves
inside the TN-LCD system could be neglected. The
boundary condition of the electric field was employed
to connect the extended Jones matrix of every adjacent
layer to form the extended Jones matrix of the entire

LCD system. To account for significant transmission
losses occurring in two air-to-polarizer interfaces, a
modification of the extended Jones matrix was made.
We also show that this representation reduced to the
ordinary Jones matrix at normal incidence. The extended
Jones matrix representation for each layer (equa-
tion (34)) and that for the entire LCD system (equations
(41) and (44)) can easily be understood and applied.
Comparisons of the optical transmissions obtained by
this extended Jones matrix method and those obtained
by the faster 4 X4 matrix method with a spectrum
average are not given here since detailed comparisons
have already been carried out for various LCD systems
in references [6] and [7]. Furthermore, generalizations
of the extended Jones matrix formulation to the biaxial
medium is under investigation [14].

The author gratefully acknowledges C. J. Chen,
S. L. Wright, R. L. Wisnieff, J. J. Ritsko and S. W. Depp
for many useful discussions.
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